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ABSTRACT 


This paper explores the defects in fuzzy (hyper) graphs (as complex (hyper) networks) and extends the fuzzy 
(hyper) graphs to fuzzy (quasi) superhypergraphs as a new concept. We have modeled the fuzzy superhypergraphs 
as complex superhypernetworks in order to make a relation between labeled objects in the form of details and 
generalities. Indeed, the structure of fuzzy (quasi) superhypergraphs collects groups of labeled objects and analyzes 
them in the form of the part to part of objects, the part of objects to the whole group of objects, and the whole to 
the whole group of objects at the same time. We have investigated the properties of fuzzy (quasi) superhypergraphs 
based on any positive real number as valued fuzzy (quasi) superhypergraphs, considering the complement of valued 
fuzzy (quasi) superhypergraphs, the notation of isomorphism of valued fuzzy (quasi) superhypergraphs based on 
the permutations, and we have presented the isomorphic conditions of (self complemented) valued fuzzy (quasi) 
superhypergraphs. The concept of impact membership value of fuzzy (quasi) superhypergraphs is introduced 
in this study and it is applied in designing the real problem in the real world. Finally, the problem of business 
superhypernetworks is presented as an application of fuzzy valued quasi superhypergraphs in the real world. 


KEYWORDS 
(Quasi) superhypergraph; valued fuzzy (quasi) superhypergraph; impact membership value; complex 
superhypernetwork 


1 Introduction 


The theory of hypergraph as a model of hypernetwork has been introduced by Berge as a 
generalization of graph theory in 1960 [|]. A graph cannot connect more than two elements, which 
is a defect when discussing the connection between a group of elements is considered. A hypergraph is 
a generalization of a graph such that its edge can relate any number of vertices, in which a graph, and 
its edge connects exactly two vertices. Indeed, a hypergraph is a useful tool to analyze the structure 
of a system that connects a group of elements (more than two elements) together, and in this sense, it 
can play an important role in embedding, classifying, partitioning, covering, and clustering elements 
in different classes. Therefore, a hypergraph as an extension and covering of the graph has attracted 
the attention of many researchers, and this theory has spread rapidly, especially since it has many 
applications in real world (its uses in model gene interactions (ER-type hypergraph [2]), machine 
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learning (spectral hypergraph [3]), computer networks (WIS hypergraph [4]), chemistry (molecular 
hypergraph [5]), visual classification (hypergraph-induced convolutional network [6]), and social 
media (soft hypergraph [7])). Because of the more important and updated hypergraphs, a hypergraph 
structure as a hypernetwork has various applications, among which it can refer to updated works 
such as soft hypergraph for modeling global interactions via social media networks [7], session-based 
recommendation with hypergraph convolutional networks and sequential information embeddings 
[8], hypergraph-based analysis and design of intelligent collaborative manufacturing space [9] and 
hypergraph-based centrality metrics for maritime container service networks: a worldwide application 
[10]. In classical set theory, the mathematical concepts introduce purely, and without any quality 
or criteria, it is not attractive to be used in the world. Zadeh introduced the concept of fuzzy set 
theory as a generalization of set theory to deal with uncertainties [| |]. Furthermore, the Plithogenic 
set (as a generalization of crisp, fuzzy, Intuitionistic fuzzy, and neutrosophic sets) was introduced 
by Smarandache in 2017. The Plithogenic set is a set whose elements are characterized by attribute 
values. Recently, Edalatpanah et al. considered new and recent developments in methodologies, 
techniques, and applications of Neutrosophic and Plithogenic sets for various practical problems 
and demonstrated the challenging issues as a generalization of fuzzy sets [| 2]. Sometimes graphs are 
not able to correctly analyze many phenomena because the uncertainty of various characteristics of 
systems naturally exists, so fuzzy graphs can cover this defect and this is an important motivation to 
introduce fuzzy graph theory. After that, the fuzzy graph theory was proposed as a generalization of 
the graph by Rosenfeld [13], which has many applications in real world (see more details in [1/4]). Since 
a fuzzy graph as acomplex graph theory gives very limited information about complex networks, so we 
propose that the main motivation of complex hypergraph structures is for covering fuzzy graph defects 
in applications. Lee-Kwang et al. [15], generalized and redefined the concept of fuzzy hypergraphs (as 
a useful tool for the analysis and fuzzy partition of a system) whose basic idea was given by Kaufmann 
[16]. Akram et al. have written a book on fuzzy hypergraph which presents the fundamental and 
technical concepts of fuzzy hypergraphs and explains their extensions and applications. It discusses 
applied generalized mathematical models of hypergraphs, including complex, intuitionistic, bipolar, m- 
polar fuzzy, Pythagorean, complex Pythagorean, and q-rung ortho-pair hypergraphs, as well as single- 
valued neutrosophic, complex neutrosophic, and bipolar neutrosophic hypergraphs. In addition, the 
book also sheds light on real-world applications of these hypergraphs, making it a valuable resource 
for students and researchers in the field of mathematics, as well as computer and social scientists 
[17]. There is also some research about fuzzy (hyper) graphs and their applications in complex 
hypernetworks, such as the implementation of single-valued neutrosophic soft hypergraphs on the 
human nervous system [18], decision-making methods based on fuzzy soft competition hypergraphs 
[19], hypergraph and network flow-based quality function deployment [20], global domination in 
fuzzy graphs using strong arcs [2!], fuzzy hypergraph modeling, analysis and prediction of crimes 
[22], single-valued neutrosophic directed (hyper) graphs and applications in networks [23], achievable 
single-valued neutrosophic graphs in wireless sensor networks [24], fuzzy hypergraph network for 
recommending top-k profitable stocks [25], an algorithm to compute the strength of competing 
interactions in the bearing sea based on Pythagorean fuzzy hypergraphs [26] and centrality measures 
in fuzzy social networks [27]. Recently, Smarandache extended hypergraphs to a new concept as n- 
superhypergraph and Plithogenic u-superhypergraph which have several properties and are connected 
with the real-world [28]. Indeed, n-superhypergraphs are a generalization of hypergraphs, with the 
advantage that they can communicate between the hyperedges. Recently, Hamidi et al. introduced 
the concept of quasi superhypergraphs as a special concept of n-superhypergraphs and showed that in 
hypergraph theory, any hypergraph can relate a set of elements, while without any details, it makes some 
conflicts, defects, and shortcomings in hypergraph theory [29]. Thus, by introducing superhypergraph, 
they try to eliminate defects of graphs (sometimes graph structures give very limited information 
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about complex networks) structures and hypergraph structures (although the hypergraph structures 
are for covering graph defects in the applications in hypergraphs, the relation between vertices can’t be 
described in full details). They introduced the incidence matrix of superhypergraph and computed the 
characteristic polynomial for the incidence matrix of superhypergraph, so they obtained the spectrum 
of superhypergraphs. Also, by computingthe number of superedges of any given superhypergraphs 
and based on superedges and partitions of an underlying set of superhypergraph, the number of all 
superhypergraphs on any nonempty set is obtained. 


Regarding these points, we introduce the concept of valued fuzzy superhypergraphs as a general- 
ization of fuzzy hypergraphs. Valued fuzzy superhypergraphs are dependent on the concept of fuzzy 
supervertices and fuzzy superedges or fuzzy links, which are defined in this study. The motivation of 
valued fuzzy superhypergraphs is based on a design of real problems as complex superhypernetworks. 
Indeed, we modify a real problem as a fuzzy superhypergraph, and with respect to the notation of the 
impact membership value of modeled fuzzy superhypergraph, we have made the best decision. This 
paper presents the fuzzy algebraic structures on valued fuzzy superhypergraphs such as strong valued 
fuzzy superhypergraphs, isomorphic valued fuzzy superhypergraphs, the complement of fuzzy link, 
and self-complemented valued fuzzy superhypergraphs. Also, the relation between fuzzy hypergraphs 
and strongly valued fuzzy superhypergraphs has been investigated. 


Motivation and advantage: Modeling based on fuzzy (hyper) graphs is a clustering or grouping 
of elements based on certain properties, in which the properties of its elements are checked in each 
cluster, and this check has nothing to do with the properties of other clusters. We need more complete 
modeling in order to be able to analyze the effect of the elements in the entire modeling and with other 
cluster elements at the same time. Our motivation in introducing valued fuzzy superhypergraphs is the 
coverage of this problem in fuzzy (hyper) graphs and therefore we define it such a way that in each 
cluster and group the elements are related to the elements of other clusters and groups in order to 
analyze the effect of each element in the (super) hypernetwork on the whole (super) hypernetwork. 
One of the motivations for valued fuzzy superhypergraphs is that we can have the best modeling of 
complex (super) hypernetworks where the role of all the details that make up this complex (super) 
hypernetwork is important in detail and in general. In fact, in this modeling, for each complex (super) 
hypernetwork, we examine the relationship between all the components of the systems that make up 
the complex (super) hypernetwork in detail and analyze the impact of these components in the entire 
complex (super) hypernetwork. The highest advantage of modeling the world’s issues based on valued 
fuzzy superhypergraph regarding the modeling of the fuzzy (hyper) graph is in the complex (super) 
hypernetworks based on the fuzzy superhypergraph, and the relationship between the components is 
checked only in the components of all clusters based on the map of clusters. This advantage leads 
to obtaining, the optimal results in the complex (super) hypernetwork, based on our mathematical 
methods and computations. In this method, we consider the values of components in clusters, the 
values between clusters, and the weight of clusters and closely and carefully find the suitable positive 
real values for optimal computations in complex (super) hypernetworks. The positive real values play 
the main role in the extremum in calculus and so the optimization problem plays a significant role in 
these calculations. 


2 Preliminaries 
In this section, we recall some definitions and results, which we need as follows: 
Definition 2.1. [1] Let X be a finite set. A hypergraph on X isa pair H = (X, {E;}"",) such that for all 


1<i<m,OAE,CX and U E, = X. The elements x,,x>,...,x, of X are called vertices, and the sets 


i=1 
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E,, E5,..., E,, are called the hyperedges of the hypergraph H. In hypergraphs, hyperedges can contain 
an element (/oop) two elements (edge) or more than three elements. A hypergraph H = (X, {E,}"",) is 
called a complete hypergraph, if for any x, y € X, there is 1 <i <msuch that {x, y} C E;. A hypergraph 
H = (X, {E}}"_,) is called a joint complete hypergraph, if|X|=n foralll <i<n,|E£| =iand £; C E,,, 
element (/oop). If for all 1 <k <m |E,| = 2, the hypergraph becomes an ordinary (undirected) graph. 
and n rows representing the vertices x,, X.,...,X,, Where for all 1 <i <nand foralll <j<m,m,=1 
if x; € Ej and m, = Oif x; ¢ Ej. 


Definition 2.2. [30] Let m € N and V = {y,,¥5,...,¥,,} be a set of vertices, that contain 
single vertices (the classical ones), indeterminant vertices (unclear, vague, unknown) and null vertices 
(unknown, empty). Consider P(V) as the power set of V, P’(V) = P(P(V))..., and P™'(V) = 
P(P"(V)) be the n-power set of the set V. Then the n-superhypergraph (n-SHG) is an ordered pair 
n-SHG = (G,, E,), where for any n € N, G, € P"(V), is the set of vertices and E, C P"(V) is the 
set of edges. The set G,, contains some type of vertices, such as single vertices (the classical ones), 
indeterminate vertices (unclear, vague, partially unknown), null vertices (totally unknown, empty), 
supervertices (or subset vertex), i.e., two or more (single, indeterminate, or null) vertices that together 
from a group (organization). An n-supervertex is a collection of many vertices such that at least one is 
a (n — 1)-supervertex and all other supervertices in the collection have the order r < n — 1. The set of 
edges E,, contains some edges such as single edges (the classical ones), indeterminant (unclear, vague, 
partially unknown), null-edge (empty, totally unknown), hyperedge (containing three or more single 
vertices), superedge (containing two vertices, at least one of them being a supervertex), n-superedge 
(containing two vertices, at least one being an n-supervertex and the other of order r-supervertex 
with r < n), superhyperedge (containing three or more vertices, at least one being a supervertex), n- 
superhyper edge (containing three or more vertices, at least one being an n-supervertex and the other 
r-supervertices with r < n), multi edges (two or more edges connecting the same two vertices), and 
loop (an edge that connects an element). 


Definition 2.3. [29] Let X be a non-empty set. Then 
(i) H = (X,S = {Sj}*,, ® = {;,;}:,) is called a quasi superhypergraph, if ® 4 6 and X = U Si, 


i=1 
where &k > 2, and for all 1 < i < k, S; € P*(X), is called a supervertex and for any i # /, the 
map g; : S; > S; (say S; links to S;) is called a superedge, 

(ii) the quasi superhypergraph H = (X,{S)}‘,, {@;,}:;) is called a superhypergraph, if for any 
S; € P*(X) there exists at least one S; € P*(X) such that S; links to S; (it is not necessary 
all supervertices be linked). 

(iii) The superhypergraph H = (X, {S;}*,, {@,,};,) is called a trivial superhypergraph, if k = 1 (S, 
can’t link to itself). 


Let X be anonempty set, “#(X) = {H | His asuperhypergraph on X}and AH (nm, m,...,m%) = 
{(X, {Si} (Gis) € ZH | |Si| = ni}. 


Theorem 2.1. [29] Let XY be anonempty set and |X|=n. Ifa = {(m,m,...,n,) | Sin =n,n;,r € N} 


i=1 
i-l 


— n— >on, mn 
and m = |{i|n,; = n,}|, then |.77/(X)| = > GH( j=l ) >. n;')). 


Nn; 1<iAj<r 
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3 Fuzzy Superhypergraphs 


In this section, we introduce the novel concept of fuzzy supervertices, fuzzy superedges or fuzzy 
links, and fuzzy superhypergraph. 


Example 3.1. Let ¥ = {a, b, c, d, e, f} and consider the fuzzy hypergraph H = (X,0;, 02,03) as 
shown in Fig. |. In this fuzzy hypergraph as a complex (super)hypernetwork, we can find the relation 
between a, b in o, c, d in 0, and e, f in 03, but we cannot find the relation between a in o, with to 
é in 03, for instance. Also, we cannot find the impact of element c in cluster o, and the impact of 
element f in cluster o,, for instance. In addition, in this model, we cannot find the relation or impact 
of cluster o/s with 0:5, where i, 7 € {1, 2, 3}. Let’s assume that in this real-problem, as a complex 
(super)hypernetwork, we want to check the influence of and the relationship all components, either 
component by component or component in one cluster with another cluster and cluster to cluster. By 
the above reason, we cannot analyze in this form, since we do not know the relation among the elements 
of a cluster with elements of the other cluster and a cluster to another cluster at the same time and it 
is the main defect. Therefore, we need this component-to-component connection and group-to-group 
connection in the other model as a complex (super)hypernetwork. 


Oo} 02 


Figure 1: Hypergraph H = (X, 0, 02, 03) 


Definition 3.1. Let j,k ¢€ N,I < j 
superhypergraph, o; = {(x,0,(x))|x € S;,0 


k,q € R*, HW = (X,{S}5,, {Gu}i;) be a quasi 


< 
< ox) < 1} and wi; : g, — [0,1] be fuzzy subsets. 
k 


Then H = ({o;}‘,, {wi,}:;) is called a g-fuzzy quasi superhypergraph on H*, if X = U supp(o;) and 
i=1 


0;(x) x 0,;(i;(X)) 
qiw(a,))  qaw(a;)) 
and y,,'s by fuzzy superedges or fuzzy links from o;’s to o,;’s and |-fuzzy quasi superhypergraph is 
denoted by fuzzy quasi superhypergraph. 


Lis (X, is(X)) < , where w(o,) = >» o(x,). We will call o;’s by fuzzy supervertices 


xpeS}¢ 


From now on, if there is not any fuzzy links from o;’s to o;’s, it means that w;; = 0. In this case 
H* = (X, {S3}",, {@,,}:) converts to a fuzzy hypergraph. 


Example 3.2. Let X¥ = {x}_,. Then H = (YX, {Si}. 15 {Pi2s Pras Gis}) is a quasi superhy- 
pergraph in Fig. 2, where @,. = {(X1, 4), (Xo, X4), (%3,Xs)}, Pos = {(X4, Xo), (Xs,X7)} and G3 = 


{(X1, X6), (X25 X6), (X3, X7)}. Hence, H = (X, {oi} His M23, is) sa 
as Fig. 2, while is not a fuzzy quasi superhypergraph. 


33 tuzzy quasi superhypergraph 


Theorem 3.1. Let H = ({o;}",, {u4:;}:;) be a g-fuzzy quasi superhypergraph on H* and q,q' € R*. 
If gd <q, then H = ({o;}*,, {w;};,) is a q'-fuzzy quasi superhypergraph on H*. 
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G1 pa = (0.08,0.45,0.46) #23 = (0.53,0.15) 


uy 3 = (0.3,0.35,0.18) 


20 . 
Figure 2: 33 uazy quasi superhypergraph H = (X, 0;, 02, 03, [Mi2, M23, Mis) 


Proof. Let g < q € R* and xe X. Since H = ({o;}‘.,, {u:,;}:,) is a g-fuzzy quasi superhypergraph 
Fi) PUD) HO), UO) rs 


A : 
qwoi)) gw) (wi) (W@)) 
({o;}_,, {u4i;}:,) 18 a q’-fuzzy quasi superhypergraph on H’. 


on H*, come to conclusion j1;;(x, @;(x)) < 


Proposition 3.1. The following hold: 
(i) Every fuzzy hypergraph is a fuzzy quasi superhypergraph. 
(ii) Every fuzzy graph is a fuzzy quasi superhypergraph. 
Proof. The proof is clear by definition. 
Theorem 3.2. Let H = ({o;}4.,, {u4i;}:;) be a g-fuzzy quasi superhypergraph on H*. If forall 1 <i < 
k, |S;| = 1, then 
1 
(i) Forall x € X, s = sup{ui;(x, g;,(x)) |x € X,i,j} < — is obtained. 
q 


1 
(ii) Ifq€ [t, s], then H = ({o;}*,, {u,,};,) is a fuzzy graph, where t = max{ |x e€ 
; Ox) A 0,(i;(X)) 
X, i,j € N}. 


(iii) If gq < 1, then for all 1 < i < k,|S,| = 1. Then for any fuzzy subsets o; and y,,, H = 
({o;}*.,, {Hi,;}:,) is a fuzzy quasi superhypergraph on H*. 


Proof. Let x ¢ XY. Then 

(i) H = ({o;}*,, {wij}, is a q-fuzzy quasi superhypergraph on H* and forall 1 < i < k,|S;| = 1,so 
0;(x) 0;(Gi;(X)) - 0;(X) 0;(9;,(X)) = 1 

qa) g(wa)) gailx) —qo,(gis(x)) og 

It follows that g < s. 


His(X, Pig) < 


(ii) By (i), g <s. Letxe X. If A = ({o;}*,, {wi,},,) is a fuzzy Beh then it must be ju;,(x, g,;(x)) < 


< (o,(x) A 0,(g,;(x))). Hence for any x € X andi, j,g > and so q € [t, s]. 


1 
, o;(x) A o,(@;,;(X)) 


(iii) It is obtained from (ii), (iii) and Theorem 3.1. 


Corollary 3.1. Let H = ({o;}4.,, {u:;}:;) be a q-fuzzy quasi superhypergraph on H™. If for all 1 < 
i<k,q(w(o,) > 1, then Mij(X, Pij(X)) < O(X) A 6;(G;;(X)). 
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Definition 3.2. Let g,q' € Rt, H = ({o;},, {mij},,) and H’ = ({a/}",, {1;,,}:;) be q-fuzzy quasi super- 
hypergraph and q’-fuzzy quasi superhypergraph on quasi superhypergraphs H* = (X, {S;}*,, {@,,}:,) 
and H™ = (X’, {S'}*_,, {g/,}.,;), respectively. 

(i) A bijective mapping / : H — 4A is called an isomorphism, if for any x € X, there exists 

a permutation z,v on J, = {1,2,...,k} such that o,(x) = of ,,(h(x)) and w(x, g,(0)) = 
Lrg AX), Cru (A). In this case will say that H = ({o,}4,, {Mij}i;) and H’ = Gaye. {i ;}:) 
are isomorphic and will denote it by H = H’. 


(ii) H is called a self complemented fuzzy quasi superhypergraph, if H = H’°. 


Example 3.3. Let XY = {x, y, z, w} and X = {x, y, 7, w}. Then H = (YX, {o;}_,, wi2) and 
H’ = (X’,{o/}_,,u,) are 2-fuzzy quasi superhypergraphs as subfigures 3a, 3b in Fig. 3, where 
Piz = {(%,z), (y,w)} and g, = {@’,7), 0’,w)}. Considerh : H > H’, byh = {(x, y), 0, x), (, 
w’), (w, z’)} and permutations z = v = (1,2). Then H = H’. 


(b) 
Figure 3: Isomorphic fuzzy 2-quasi superhypergraphs H, H’ 


Theorem 3.3. Let H = ({o;},, {wi,};) and H’ = ({a/}<,, {',}:;) be g-fuzzy quasi superhypergraph 
and q'-fuzzy quasi superhypergraph on quasi superhypergraphs H* = (X, {S,}*,, {g;,};,) and H* = 
(X’, {S},, {¢/,}:,), respectively. If H = H’, theng=q’. 

Proof. Since H = H’, there exists a bijective mapping h : H — 4H is called an isomorphism, if 
for any x € X, there exist permutations 7,v on J, = {1,2,...,k} such that o,(x) = o/,,(A(x)) and 
HilX, Pig) = My AO)s Pheu (A@)). Without loss of generality and a rearrangement, we consider 
an arbitrary fuzzy supervertex o,, and suppose that o,, = {(x;,0,,(x;))|1 < i < r}in q-fuzzy quasi 
superhypergraph H = ({o;}*_,, {u:,},;). Thus there exists a fuzzy supervertex o/,, = {(X', d(x) | 1 <i< 
r’} in q'-fuzzy quasi superhypergraph H’ = ({o/}" {t;,}:;) such that o,,(x;) = o,,(2;), which m' = 2 (m) 


i=1? 
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y 
i 


ce oo x) 


and h(x;) = x‘. It follows that r = r’ and for any given | < i, 7 <r, we have 


m 


Hence = and sog=q. 
SS > > 
oss xi) “a> x) 
i=1 


let 7 = Go}? cio) and 2 = dey, 1 {Hi,}i;) be g-fuzzy quasi superhypergraph and 
q-fuzzy quasi superhypergraph on quasi superhypergraphs H* = (X,{S)}<,, {g,,},,) and H* = 
(OAS 4s {9 Ji), respectively. From now on, based on Theorem 3.3, when we say that H = A’, then 
q=q. 

Theorem 3.4. Let H = ({o;}.,, {wi;},,) and H’ = ({a/} 1 {H;,}i,) be isomorphic g-fuzzy quasi 
superhypergraphs. 

(i) For any given fuzzy supervertex o; in H, there exists a fuzzy supervertex oj in H anda € R, 
w(0;) 
wa) 


: x 
(ii) For any x € X, there exist A «¢ Rand x € X’ such that — = 2. 
x’ 


such that 


Proof. (i) Let 0, = {(X,0;(X,,)) | 1 <m <r} be a fuzzy supervertex in H. ee 


ae = {(A(x,,), o(A(%,)) | 1 < m < r} isa fuzzy supervertex in H’ 


Cr 
wi) _ Xm 


It follows that 
oy aaa me 


(ii) Let x € X. Since ¥ = U supp(o;), there exists a fuzzy supervertex o; in H such that x € 


supp(o;). Hence by item (i), there exists a fuzzy supervertex o/ in H’ and A € R, such that x € supp(o;) 


wi) x 
wo!) x! 
Example 3.4. Consider 2-fuzzy quasi superhypergraphs H = (X, {oj}7_,,M12) and H’ = 


(X’, {0/}7_,, “,) a8 Shown in subfigures 3a, 3b of Fig. 3. Clearly H = H’, while for any i € {1,2}, w(o;) 4 
w(a/). This shows that if g-fuzzy quasi superhypergraphs are isomorphic, it is not necessary that their 
fuzzy superverties have the same weights. 
Definition 3.3. Let H = ({o;}4,, {wi;};,) be a q-fuzzy quasi superhypergraph on H*. Then H* = 
({o;}£,, {u{}:,) is called a complement q-fuzzy quasi superhypergraph of H = ({o;}'_,, {mij}i,), fof = 0; 
AX), GylGry)) 
qiw(o))) — q(w(a;)) 
Lemma 3.1. Let H = ({o;}£,, {iij}i;) be a q-fuzzy quasi superhypergraph on H*. Then pi, = j4,, if 
; O(xX) OG) 
ene CE OLN 9 aay) gkunay) 
Theorem 3.5. Let H = ({o;}4,, {t:;}:,;) be a g-fuzzy quasi superhypergraph on H*. Then (H°)° = H. 


and Mi (x, G(X) = ( ) = His, G(X). 


1 
), for all xe X and gq > 5. 
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Proof. Let x ¢ X. Then for any | <i <k, (o{)‘(x) = o{(x) = 0,(x) and 
a(x) a (Yi) 
qwwai)) — gQv(a;)) 
0;(x) 0;(i;(X)) 


(Mi) (X, PG) = ( 


) = Hi, Pig) 


= Goten * gar(eyy Bu Ps) 

_ ail) Fis), FX) C3) a ; 

~ Govten * garteyy “Gavia * goreeyy? BVO? PHO)? 
= Li (X, Pij(X))). 


It follows that for any 1 < i < k, (o/)° = 0; and (;,)° = w. Hence (H°)° = H. 

Theorem 3.6. Let H = ({o;}",, {wi;},,) and H’ = ({a/},, {u’,}:,;) be isomorphic g-fuzzy quasi 
superhypergraphs. Then H‘ and AH are isomorphic q-fuzzy quasi superhypergraphs and conversely. 

Proof. Since H = H’, there exists a bijective mapping  : H — A’ is called an isomorphism, if 
for any x €_X, there exists a permutations z,v on J, = {1,2,...,k} such that o,(x) = of, (h(x)) and 
Mil, BiG) = Mp AOD)s Prey (AC)). Using the definition of complement, we have 

0;(x) ra 0,(:;(X)) 

g(w(o;)) — g(w(a;)) 
F(A) Fe o (Gis(A(X))) 

qwo,w)) q(w(o,,)) 
= Ley AO) Prong A@))) 


Hence H‘ = H”. Conversely, let H‘ = H”, then by Theorem 3.5, H = (H°)° = (A) = Hl’. 
Theorem 3.7. Let H = ({o;}‘.,, {u,},;) be a self complemented q-fuzzy quasi superhypergraph on 


? 1 0;(x) 0,(i;(X)) = 
H*. Then OD raves, A qav(o,)) )= YS ae 9;;(X)). 


Proof. Since H = ({o;},, {u:;}:;) is a self complemented g-fuzzy quasi superhypergraph, there 
exists amap fh : X — X such that for any x € X, o,(x) = o/(A(x)) and pi,(A(x), Gj(A(x)) = 
oi(h(x)) — o(Gi(A)) 


q(w(o;)) q(w(a;)) 
is a bijection, we get to the result that 


o(h(x)) — 0,(g,;(A(x)) : 
x ( q(w(a;)) e qiw(a,)) ) — wij(AQ), i(h((x))) _ » His (X, Gij(X)), 


Mi (x, 9ij(X)) = ( ) ~~ His (X, Pij(X)) 


) = Mcp A), P66 (A(x)) 


Hij(X, Qj(X)). Then ( eo Li (A(x), gi(h((x)) = [i (X, ij(X)). Sinceh: X > X 


SO 
0;(x) Oj (Gi, (x)) 
DM estan aonle) 


) = iG, G40) = So wise, 9,00). 


1 0;(X) O(Pi(X)). 
It follows that AO aN Grereny A ey = > Hii, Q(X). 
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Example 3.5. Let ¥ = {x,}*,. Then H* = (YX, {Sik 4, {P.2, P23}) 1s a 4-quasi superhypergraph in 
Fig. 4, where Piz = {(%1,X3), (Xa, X4)} and Qr3 = {(X3, Xe), (X4, X7)}- If H = (X, (a fia, 23) 1S a 
ney quasi superhypergraph as shown in Fig. 4, where 0 < a, < a < a; < a, < 1. The equation 


0;(x) p TiPUOD) = : : 
Ox AG (oy Awa) j= S Li;(X, %i;(x)), implies that 


1 Qa 3 A> 4 3 as 

Se a i a i dF 

2 -4(a, +a) A4(a; + a4) A4A(a; +a) A4(a,+ a4) 4(a,; +04) Alas +a) 
Oly Og 1 ay Ql Ol; Os 


: 4(a3 + a4) . A(as + a ~ 2 “Ge, + ay) "AG + a) ae. + a4) * A(a3 + ay 


= (B, + B + Bs + Bu), 


L1,2 = (Bi, Ba) #23 = (B3, By) 


03 


Figure 4: Fuzzy quasi superhypergraph H = (X, 0), 02, 03, [i2, [23 13) 


ay Ay 3 
where ———__— » p< and £, < —————.. Suppose that 
Pia aa ae ee a 


a, = 0.1,a, = 0.2,a; = 0.3,a, = 0.4,a; = 0.5, a, = 0.6, 8, = 0.01, 6, = 0.03, B; = 0.04 and B, = 0.17. 


0;(X) oj(Pi;(X)) _ : _ k : 
Towle * Bort = Dd HislX, Gi), while H = (Coy, (Hinds) is 


not a self complemented fuzzy quasi superhypergraph on H* as shown in Fig. 5. Thus the converse of 
Theorem 3.7, is not necessarily true. 


1 
It follows that 5 Or 


Theorem 3. . Let H = ({o;}_,, {ui,}:;) be a q-fuzzy quasi superhypergraph on H. If for all x €_X, 


A(X)  o(ij(X)) 

‘AX, Piz = then H = 49 
Mi (X, Pij(X)) eas A FON) ), ({oi}} 
superhypergraph. 


{:;}:;) 1s a self complemented fuzzy quasi 


: 423 = (32 272 
oO 2800 ian) 


03 


Figure 5: Fuzzy quasi superhypergraph H* = (CX, 0), 02, 03, [i2, 23, Mis) of Fig. 4 
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Proof. Define h : X — X by h(x) = x, where x € X. Clearly o‘(h(x)) = o‘(x) = o (x). In addition, 


L(x, Gig) = MAC), GAC) 
= 0;(x) re 0,(i;(X)) 
g(w(o;)) — g(w(a;)) 
= 0;(x) re 0,(i;(X)) 2% 1 o,(x) x 0;(@;;(X)) 
giwa))  g(@w(a)) 2 g(a) g(a) 
a 0;(X) 0;(Pij(X)) 
2giw(a;) _gv(o,)) 
It follows that pi,(x, 910%) = Mis, Gi;(%)) and so H = ({o; }_. {uij}i,) is a self complemented 

fuzzy quasi superhypergraph. 

Definition 3.4. Let H* = (X, {S;}‘,, {g,,},;) be a quasi superhypergraph, 0, = {(x,0;(x))|x € 
S;,0 < o(x) < I} and w,,; : g; > [0, 1] be ne subsets. Then H = ({o;}*,, {4:,;}:,) is called a strong 


q-fuzzy quasi superhypergraph on A’, if X¥ = U supp(o;) and j4;;(x, 9i;(x)) = oil) A OPA) 
L qow(a)) qa) 


pS Mis (X, 9i;(X)) 


)= Mij(X, Q,(X)). 


where w(o,) = > o(x,). 


xpeS} 
Theorem 3.9. Let H = ({o;}4,, {uij}i;) be a strong g-fuzzy quasi superhypergraph on H*. Then 
‘ea ({o ys {14;,}i,) 18 a fuzzy hypergraph. 
Proof. Let x < X. Since H = ({o;}*_,, {u:,}:,) is a strong g-fuzzy quasi superhypergraph on H’, it is 
resulted in 
0;(x) 0,(i;(X)) 
qgiwlo;)) — q(w(a;)) 
0;(X) x oj(Pi;(X)) a 0;(X) x 0j(Pij(X)) ne 
g(a) gala) gw(o,)) - qv(@,)) 
Thus for any x € X, we have pu;,(x,g;;(x)) = or My = 0. It follows that for any given fuzzy 


superverteices 0; 4 9;, there is not any fuzzy links from o;’s to o;’s. Thus H = ({o;},, {Hij}:;) = loi} ,) 
is a fuzzy fiypereraph, by Definition 3.1. 


Li (x, Gij(x)) = ( ) = Hig, Gis) 


Definition 3.5. Let H = ({o;}‘.,, {uij}i;) be a g-fuzzy quasi superhypergraph on H* and x € X. 
DY bul Gu) if, Gy) € Gy 
Then d(x, H) = } weijonevi; is the impact membership value of x in 
0 if (x, G(X) ¢ Bis 
f= ({oi} Db {Lijhij)- 
Theorem 3.10. Let H = ({o;}.,, {wi,}i;) be a q-fuzzy quasi superhypergraph on H* and x € X. 
Then 
Se (x) » TGC) 


(i) if H = ({o;}*,, {u:,}:,) is strong, then gd(x, H) = 
wa) w(9;) 


ys 


s( 0;(Xx) » GUD) 
quia) qw(a;) © 
(iii) if H = ({o;}*,, {w,},,) 1s strong, then d(x, H*) = 0. 


(ii) d(x,H)+d(x,H)= 
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Proof. I is clear by Definition 3.3 and Theorem 3.9. 
Corollary 3.2. Let H = ({o;}{,, {ui;};;) and H’ = ({o/}“,, {w',}:;) be g-fuzzy quasi superhyper- 
graphs. If H = H’, then D° d(x, H) = >) d(x, H’). 


xeH xeH! 


4 Application of Fuzzy q-quasi Superhypergraph in Real World 


In this section, we apply the concept of fuzzy valued quasi superhypergraph in the real world. To 
simplify and better display the method of application of fuzzy g-quasi superhypergraph in a practical 
problem, the following algorithm can be used: 


Step |: Consider a real problem as a complex (super)hypernetwork, 


Step 2: Separate the factors and components of this complex (super)hypernetwork according to 
the type of application, 


Step 3: Put the factors and constituent factors classified according to their values in different 
tables, 


Step 4: According to the tables of step 3, model the relationship between components in an optimal 
state through a fuzzy g-quasi superhypergraph (in this step, one must find the g, and compute the 
maximum of fuzzy superedges based on fuzzy supervertices) 


Step 5: Compute the impact membership value of components of the g-fuzzy quasi superhyper- 
graph, 

Step 6: Find the extremum case based on step 5 and the conditions we need to solve the real 
problem. 


In the following section, we consider a real problem as a business (super)hypernetwork, and in this 
regard, first, we analyze and describe a business network. A business network is a complex network 
of companies, working together to accomplish certain objectives. These objectives, which are strategic 
and operational, are adopted by business networks based on their role in the market. In follows, we 
define a fuzzy (super)hypernetwork as a qg-fuzzy quasi superhypergraph, such that its objects are called 
fuzzy supervertices and their connections are called fuzzy superedges or fuzzy links. For example, 
when we represent the business superhyper network, it concludes a collection of people and their 
fund, products and their quality, and the buying and selling market and their liquidity as a fuzzy 
quasi superhypergraph. The fuzzy supervertices are the people under consideration, products, and 
their quality and the buying and selling market and their liquidity, while the fuzzy superedges list all 
ability level, communication level, and the service time between them. 


Business superhypernetwork: Business fuzzy superhypernetworking is the process of establishing 
a mutually beneficial relationship with other business people and potential clients or customers. 
The main purpose of business fuzzy superhypernetworking is to tell others about your business and 
hopefully convert them into customers. The most valuable advantage of the fuzzy superhypernetwork 
is meeting potential customers or creating referrals that you can then follow up to hopefully add 
to your customer base. In Table |, we introduce a group of people with capital percentage for the 
participation of a business superhypernetwork that is supposed to work. In Table 2, we introduce 
a carpet production factory with high production quality for the participation of business superhy- 
pernetwork and in Table 3, we introduce shopping markets with liquidity for the participation of a 
business superhypernetwork. 
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Table 1: People and amount of capital 


People Amount of capital 
Benjamin 0.6 

Oliver 0.68 

James 0.7 

William 0.84 

Lucas 0.65 


Table 2: Machinery and high production quality 


Machinery High production quality 


M, 0.5 

M, 0.55 
M; 0.65 
M, O73 
M; 0.85 


Table 3: Shopping market and liquidity 


Shopping market — Liquidity 


SM, 0.4 
SM, 0.35 
SM; 0.75 
SM, 0.45 
SM; 0.55 


Case 1: We want to analyze the minimum ability of people on machines, the minimum consultation 
of people with the capital market, and the minimum distance between factories and the capital market. 
For instance, we compute the minimum ability of Benjamin and Machinery M, as follows: 


na (Bonini MS o,(Benjamin) — 0,(y,;(Benjamin)) 
ij ’ Ly, 


w(o;) w(o;) 


06 05 05 05 
(Benjamin, M. = 
Hi(Berjamin, Mi) = 575 A 33 = 33 7 33 


It follows that: 


= min{u,,(Benjamin, M,)|1 <k < 5}. 


Pi2 = {(B, M,), (L, Ms), (O, Ms), VJ, Mu), (W, Ms)}, 
~is = {(B,SM,), (L,SM,), (O, SM), (J, SMs), (W,SM3)} and 
~23 = {(M, SM), (M2, SM;), (Ms, SM,), (My, SMs), (Ms, SM3)}. 
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All these qualities will be represented in the fuzzy quasi superhypergraph, where the fuzzy super- 
vertices are the people, Machinery and the fuzzy superedges list all the ability levels, communication 
levels, and service time (Fig. 6). Now we see the minimum ability of people on machines, the minimum 
consultation of people with the capital market, and the minimum distance between factories and the 
capital market as shown in Tables 4-6. 


(M;,0.5) (Mp,0.55) 


(M3,0.65) (M4,0.75) 
(Ms,0.85) 


(SMs,0.55) (SM4,0.45) 
(SMp,0.35) (SM3,0.75) 
(SM,,0.4) 


03 


Figure 6: Fuzzy quasi superhypergraph H = (X, 0), 02, 03, [1.25 [4235 ia) 


Table 4: Business fuzzy superhypernetworking 


(People, Machinery) (B,M,) (L,M,) (O,M3) (J,M.)  (W,Ms) 
5 20] 68 70 84 

A f capital, High i li = ——= _— setts ati 

(Amount of capital, High production quality) 33 330 347 347 347 


Table 5: Business fuzzy superhypernetworking 


(People, Shopping market) (B,SMi) — (L,SM2) — (O,SM3) (J, SMs) oe) 
4 9 70 84 

A f é 1 Li #48 = —— = —— aaa 

(Amount of capital, Liquidity) 50 35 50 347 347 


Table 6: Business fuzzy superhypernetworking 


(Machinery, Shopping market) (M,,SM,) (M,,SM,) (M;,SM,) (M,,SM;) (M;,SM;) 
28 16 9 11 85 
200 100 50 50 330 


(High production quality, Liquidity) 


Case 2: We want to identify the best one in terms of the impact membership value in this 
superhypernetwork. For instance, we compute the impact membership value of William as follows: 


d(William, H) = >, Hi (X, Gij(X)) = bi2( William, Ms) + 4,3( William, SM;) 


(X.9) J ONEGi J 


84 84 168 
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In Table 7, we compute that 


d(Oliver, H) > d(Lucas, H) > d(William, H) > d(James, H) > d( Benjamin, H) > d(M;, H) 
> d(M,, H) = d(M;, H) = d(M2, H) = d(M,, H). 


Table 7: Impact member value in business fuzzy superhypernetworking 


x: Benjamin Oliver James William Lucas M, M, M, M, M; 
d(x, H): 481 539 6523 140 164 7 4 9 11 85 
eed 1650 165 17350 347 347 50 25 50 50 330 


5 Conclusion 


The current paper has defined and explored the notion of fuzzy quasi superhypergraphs. This 
study has tried to prove that the fuzzy links in the concept of fuzzy quasi superhypergraphs are 
fundamental and play a main role in the impact value of quasi superhypergraphs. The main motivation 
of this work is to apply fuzzy quasi superhypergraphs in the real world and to generalize the application 
of fuzzy hypergraphs in the real world. Indeed, all results of fuzzy hypergraphs can be extended to 
fuzzy quasi superhypergraphs both theoretically and practically. The merit of the proposed method is 
to fix the defects of fuzzy hypergraph theory. Indeed, fuzzy hypergraph theory investigates the optimal 
case for limited elements, while fuzzy quasi superhypergraphs consider the optimal case for the set of 
elements or object (object can be set). Also, we have shown that: 


(i) The extension of a valued fuzzy quasi superhypergraph depends on its value. 

(ii) Every fuzzy hypergraph is a fuzzy quasi superhypergraph. 

(iii) The supremum of fuzzy superedges is less than or equal to the inverse of the real value. 

(iv) Every fuzzy graph is a fuzzy quasi superhypergraph. 

(v) The concept of isomorphic valued fuzzy quasi superhypergraphs is introduced and proved 
that the necessary condition for isomorphism of two valued fuzzy quasi superhypergraphs is 
equality of their values. 

(vi) The concept of the complement of valued fuzzy quasi superhypergraphs is introduced and 
proved that the complement of isomorphic valued fuzzy quasi superhypergraphs is isomor- 


phic. Also, it is proved that the complement of valued fuzzy quasi superhypergraphs satisfies 
involution properties. 


(vii) The concept of self complemented valued fuzzy quasi superhypergraphs is introduced and 
the conditions for a valued fuzzy quasi-superhypergraph to be self-complemented have been 
investigated. 


(viii) The impacts membership value of any valued fuzzy quasi superhypergraph is introduced and 
the properties of impact membership value of strong valued fuzzy quasi superhypergraph have 
been explored. We have particularly proven that the impact membership value of strong valued 
fuzzy quasi superhypergraph is zero. 


(ix) We proved that the sum of all impact membership values of isomorphic valued fuzzy quasi 
superhypergraphs is equal. 
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(x) Based on the impact membership value of valued fuzzy quasi superhypergraph, we presented 
business superhypernetwork as a real-world problem and reached an optimal decision in this 
type of problem. 


We hope that these results are helpful for further studies in complex (super)hypernetwork via alge- 
braic structures and hyperstructures and fuzzy quasi superhypergraphs. In our future studies, we hope 
to obtain more results through the comparison of the suggested method with some existing methods 
and prove the effectiveness of the method, the fundamental relation on fuzzy quasi superhypergraphs, 
and their applications in other research. Also, we intend to work on the Plithogenics and new types of 
(hyper)soft sets and on superhypergraph and its relation to real-world problems. 
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